Abstract-In this paper, we investigate the measurement of fairness, discuss well known fairness notions, and propose a new utility-based framework to evaluate degree of fairness for resource allocation schemes in wireless access networks. The proposed framework has certain desirable features. It offers clear definitions and relevant methodology, takes into account both effort and service unfairness, and can be customized for different application types with different QoS requirements. Numerical examples and case studies are given to demonstrate effectiveness of the proposed framework.
I. INTRODUCTION
The concept of fairness, or inequality, arises in various contexts such as economy, operating systems and telecommunication networks [2] - [3] , when a limited amount of some resources (e.g. wealth, processor time, or bandwidth) is to be shared among several individuals/users, simultaneously. It is highly desirable to find a method and, preferably, an index to measure and compare the degree of fairness of a particular allocation policy. In telecommunication networks, in many occasions a limited amount of network resources have to be shared among many users. Particular example is a wireless access network, where the wireless channel resources have to be shared by many users. Fairness and throughput maximization are two main performance metrics that are often used to analyze and compare the performance of different resource allocation schemes in many domains. However, despite the simplicity of the term "fairness", analysis of fairness could be tricky and ambiguous in practice. Since it is barely accepted that fairness is equivalent of equality, definition of fair resource allocation usually appears to be highly application dependent rather than universal concept. Moreover, fairness is a multifaceted concept, i.e., one allocation scheme that seems to be fair for one party, may not make the same sense for the other parties. For example, in a wireless access network, although the network might spend the same effort to serve different users, users with different channel qualities will enjoy different transmission rates that may be unfair from their point of view. This ambiguity requires careful definition and application of fairness notions for resource allocation schemes in different application domains. Common pitfall could be careless borrowing of fairness indexes from the other application areas which may not properly fit to the particular application domain. In order to perform a meaningful fairness analysis, a robust and well defined methodology is required. Specifically, to study the fairness of a certain resource allocation problem, one has to answer the following fundamental questions [5] , properly. 1) Which notion of fairness is appropriate for the specified application domain? 2) How different allocation schemes can be compared according to the chosen definition of fairness? 3) Is it possible to define a fairness index to quantize degree of fairness in terms of the specified fairness criteria?
In communication networks, measurement of fairness has been studied in traditional wireline networks. To the best of our knowledge, the following general purpose fairness indexes have been frequently used to measure fairness of different resource allocation schemes [5] [13] .
Gini index
Jain fairness index
Min-max index
where x i , n, andx are the amount of allocated resource to user i, the total number of users, and the average allocated resource, respectively. Those indexes have also been used in some fairness studies of resource allocation schemes for wireless networks [8] - [9] . However, the appropriateness of those indexes has not been studied properly.
In this paper we investigate the concept of fairness in the specific domain of radio resource allocation in wireless access networks. We discuss the advantages and disadvantages of existing notions of fairness. Based on the specific characteristics of our application domain, we propose a new framework and a corresponding fairness index. We also apply the proposed fairness index in some case studies of channel resource allocation for wireless access networks to demonstrate appropriateness of the proposed fairness index.
The rest of this paper is organized as follows. In section II we summarize the existing notions of fairness; specifically, we discuss the main features, strengths, and weaknesses. A utility based approach toward fairness analysis is proposed in section III, and its features are studied by means of numerical examples and case studies in section IV. A summary of the contributions and some concluding remarks are given in section V. The key issue in study of fairness is to understand the related ambiguities and challenges. In this section we discuss those issues based on a simple network model shown in Fig.  1 . In this example, there are two links which are shown by the rectangles, and their capacities are C 1 = 1 and C 2 = 2 units, respectively. The whole resources of this network are shared by three users, which are denoted by X 0 , X 1 , and X 2 . Let S 1 = (1/2, 1/2, 1/2) and S 2 = (1/2, 1/2, 3/2) be the allocation vectors corresponding to two different allocation schemes, where the i th element of a vector denotes the rate allocated to user i. According to the allocation scheme S 1 , all the users are being served with the rate of 0.5 units, and the allocation scheme S 2 allocates service rate of 0.5 to X 0 and X 1 , while X 2 is enjoying the service rate of 3/2. The fairness analysis in this case is to decide which allocation scheme is fairer than the other one. According to the common sense of fairness (i.e. equality), S 1 appears to be fairer allocation than S 2 . However, considering the network configuration, we can see that the unused bandwidth of C 2 can only be used by X 2 . This implies that the allocation scheme S 2 is not less fairer than S 1 , regarding the network configuration. The intuition given by this example shows that fairness can not always be considered as even resource distribution without taking into account the system configurations. Possible risks of careless evaluation of fairness by means of general purpose fairness indexes can be explained further if one applies the fairness indexes given by (1), (2) and (3) to compare S 1 and S 2 . As shown in Table I , based on those fairness indexes, the allocation scheme S 1 will be credited for better fairness compared to S 2 . This comparison obviously contradicts the insight that can be obtained if the domain knowledge is considered.
Another controversial aspect of fairness analysis can be discovered if the system is analyzed from different points of view. In a typical network, due to the certain conditions related to different users behavior or status, despite of equal effort (e.g., server time or bandwidth) allocation by service provider, different users may enjoy different utilizations. In other words, usually the network has to apply unfair effort to let all the users enjoy the same rate. A system which is fair from the network operator's point of view may not be fair if it is analyzed from users' point of view. For the allocation schemes S 1 and S 2 in the previous example, although both X 0 and X 1 are enjoying the same rates, X 0 has twice longer path than X 1 ; then, the network has to double its effort to serve X 0 compared to X 1 . This means that the concept of fairness should be able to provide a consensual view that satisfies all parties. This issue relates to the fundamental tradeoff between revenue maximization and fairness in data communication networks.
Fair treatment of a network user also directly depends on the Quality of Service (QoS) requirements 1 of that particular user, which may depend on the contract between the user and service provider. For example, it can not be considered as fair allocation to give the same amount of bandwidth to both the low quality voice and high quality video connections. In other words, a good fairness criteria is preferred to be QoS sensitive as well.
In summary, despite the simplicity and generality of the term "fairness", reliable evaluation of fairness requires an appropriate definition of the concept and a clear methodology of quantization. To address the complications of fairness analysis, several notions of fairness have been proposed and studied in different areas. In the next subsections, some of the frequently used definitions of fairness will be discussed in detail.
A. Theory of Majorization
The theory of Majorization was introduced by Hardy, Littlewood and Polaya [4] . The main purpose was to study the general notion of whether the components of vector x are "less spread out" or "more nearly equal" than the components of vector y, where x, y ∈ R n . Intuitively, the term "more nearly equal" relates to the concept of fairness in a variety of contexts. The subject was studied as an extension of the elementary inequalities. To address those problems, Hardy et. al. introduced the concept of Majorization as follows.
Definition 2.1: For any real vectors x, y ∈ R n , x is said to be majorized by y and denoted by x ≺ y if and only if
where (x (1) , . . . , x (n) ) is an ascending permutation of x. This definition states that for two real vectors with the same dimensions n, x ≺ y if and only if the sum of components of x and y are equal and sum of any k = 1, . . . , n − 1 poorest members of x is larger than or equal to the sum of k poorest members of y. According to this definition, among the vectors with the same sum of components, one with the equal components is the mostly majorized vector. Intuitively, 1 The QoS is defined by the minimum rate requirement of the specific user.
y=(y1, y2, y3)
All points in this region are majorized by y Fig. 2 . Geometry of majorization
x ≺ y can be interpreted as x is fairer allocation than y. This suggests the possibility of applying the theory of Majorization as tool for fairness analysis [1] . However, although the theory of Majorization is a mathematically established concept, there are certain drawbacks for Majorization as an effective tool for fairness analysis. First of all, this definition basically fails to compare certain cases. A simple geometric representation in Fig. 2 can be used to explain this weakness of Majorization in a simple three dimensional space. This figure shows all the points belonging to the plane given by
For an arbitrary point y = (y 1 , y 2 , y 3 ) on this plane, three distinct regions can be distinguished according to the definition of Majorization. All the points belonging to the dark gray area are majorized by y, and y is majorized by all the points in the white region (rest of the plane). There is also a third region (filled by light gray) where all the points belonging to this region neither majorize y nor are majorized by y. In other words, unlike the '≤' relationship on R, where either x > y or x <= y for all x, y ∈ R, there are some x = y ∈ R n where neither x ≺ y nor y ≺ x. In such cases, x and y are not comparable by the definition of Majorization. Another shortcoming of Majorization is the impossibility of defining any reliable fairness index, φ(x) : R n → R, such that x ≺ y if and only if φ(x) < φ(y). According to the above arguments, if such a index is defined, the results could be misleading when the allocation vectors belong to the regions that Majorization fails to compare. This is a major drawback in the application of Majorization as the notion of fairness when quantization of fairness is required. Furthermore, customizing this definition to fit the specific features of the application domain is not easy. As the result, despite of robust foundations, Majorization is less attracted for fairness analysis. Instead, domain specific definitions of fairness are usually proposed for different applications. A frequently used notion of fairness in the area of wireline networks will be discussed in the next subsection.
B. Max-min fairness
The concept of Max-min fairness was adopted by the ATM forum to specify fairness in wireline data networks. The main concept was proposed in [6] . It specifies the concept of fairness with the following definition.
Definition 2.2: Let a directed graph G = (N , A ) represent a fixed path routing network, where N and A are the set of nodes and edges, respectively. Let P denotes a set of sessions corresponding to the current users of the network. Each session p has a fixed path including several arcs. Let r p denote the assigned rate to session p, then the allocation rate on edge (link) a is F a = p∈P δ p (a)r p , where δ p (a) = 1 if session p has a route on arc a; otherwise, δ p (a) = 0. If link a has a fixed capacity of C a , the following constraints on the feasible rate allocation vector r must be met.
An allocation vector r is said to be max-min fair, if it satisfies the constraints (6)- (7) and there is no r p (p ∈ P ) that can be increased without decreasing at least one other r p where r p ≤ r p . In other words, max-min allocation vector of a network is an allocation vector that due the network constraints, none of its components can be increased without decreasing at lease one already smaller component. This definition of fairness is a generalization of the notion of equality in the context of particular network configurations. However, max-min fair allocation vector is not necessarily an even allocation vector. Although max-min fairness is one of the widely referred foundations for fairness analysis in the wireline network, it has certain shortcomings for channel resource allocation in wireless access networks.
1) Max-min fairness neglects revenue maximization of network operators; instead the emphasize is mostly given to satisfication of service fairness from the users' point of view. For instance, in Fig. 1 , the max-min fair allocation vector is S 2 = (1/2, 1/2, 3/2) with the total throughput (network operators revenue) of 5/2. However, the fairest allocation vector from network operator's point of view that maximizes the revenue while spending the same effort for all users is the allocation vector S 3 = (1/3, 2/3, 5/3) with the total throughput of 8/3. 2) To the best of our knowledge, this definition does not provide a clear methodology to compare and quantize the fairness of two arbitrary allocation vectors, when none of them are the max-min fair allocation vector, i.e., it does not provide a method to determine whether an arbitrary vector x is max-min fairer than another vector y. To address these problems another class of fairness notions under the umbrella of utility based fairness has been proposed and used in some studies [10] - [11] . Utility based fairness will be discussed in the next subsection.
C. Utility Based Fairness
The utility based evaluation of fairness has been getting increasing attention in recent years [7] - [11] . The strength comes from the flexibility of the concept that can be customized for variety of different applications. The general form of utility based fairness notion can be stated by the following definition. Let the real utility (value) of allocating certain amount of service x k to user k be denoted by a concave function U k (x k ), the utility based fair allocation vector is an allocation vector from the space of feasible allocation vectors that maximizes the following objective function
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A simple variant of utility based fairness is the concept of Proportional Fairness [7] , where U (x) = ln(x). It can be shown that the proportionally fair allocation vector x is a feasible allocation vector such that if one element of x is increased by p% the total percentage of reduction that has to be applied to the other elements of x in order to get another feasible allocation vector must be more than p%. The difference between proportional fairness and max-min fairness can be explained by the numerical example in Fig. 1 . The max-min fair allocation vector that can be obtained by the progressive fill algorithm [6] is x mmf = (1/2, 1/2, 3/2), with the total system throughput of 2.5. The proportionally fair allocation vector x pf can be found by solving
, which gives the proportionally fair allocation vector as x pf = (0.42, 0.68, 1.68), with the total throughput of 2.68. Given that the maximum throughput for this example can be achieved by x mt = (0, 1, 2), it can be seen that the proportional fair allocation vector is an intermediate solution between maxmin and maximum throughput allocation vectors. From this example, it can be seen that the proportional fairness offers better trade off that also benefits the network operator to some extent. However, the utility function used in (??) is a primitive utility function with a naive and rigid form of trade off between service fairness and effort fairness. The trade off can be further improved by more sophisticated and parameterized concave functions. In the next section, we propose a more mature utility function to capture the desired characteristics of fairness in resource allocation schemes for wireless access networks.
III. PROPOSED FAIRNESS INDEX
We consider a single hop wireless network with m nodes sharing the same bandwidth. In this network, n pairs of nodes communicate with each other at the same time, i.e., there are n connections sharing the same bandwidths. A central resource allocation scheme allocates the channel resources to different connections. Since the distance among different communicating pairs are different, they enjoy different average channel qualities; therefore, different connections will make different utilization of the same amount of bandwidth. The utilization of bandwidth by a connection depends on the average signal to noise and interference ratio (i.e. R i = f (B i , SIR i )), where R i is the achieved rate, B i is the allocated share of bandwidth, and SIR i is the average quality of the channel in terms of signal to noise and interference ratio for connection i. The exact form of f (·, ·) depends on the characteristics of the physical layer, which is usually given in closed form for simple modulation and coding scheme and tabular form for the sophisticated physical layers. An example of such mapping is shown in Table II which is obtained by both bit-exact simulation and laboratory measurements with a complete RF link for cdma2000 1xEV [12] . This model is general enough to include many of the existing configurations of single hop wireless networks including single cell in a cellular network, single hop ad hoc network, and single BSS (Base Service Set) wireless LANs. Given this application model, in the rest of this section we propose a notion of fairness and the corresponding index. Particularly, we use the basic idea of utility approach to define an appropriate utility function for the intended application domain to meet few desired requirements: 1) parameterized trade-off between service equality (sensitivity to service fairness) and throughput maximization (sensitivity to effort fairness); 2) QoS dependency as defined by the minimum rate requirement; 3) measurability, i.e. a compatible fairness index can be defined to quantize fairness. 
/ (x i ) be the corresponding normalized values of the allocated and useful service bounds, respectively. The normalized fair share of user i is defined as
where s
The value of s (p) i depends on the relative average quality of user i's channel over the resource allocation period. Suppose that the user's channel quality remains constant at its average value for the whole resource allocation period; then, the user will be able achieve the service value of x (u) i that depends on the characteristics of physical layer. Then s The utility function U i (s i ) : R → R for user i is defined as
where
and
In (9), α is introduced for trade off between service fairness and effort fairness. When α = 0, the utility function is not sensitive to the effort fairness and when α = 1, the utility function has maximum sensitivity to the effort fairness. This is a unique feature of the proposed utility function that provides multi-lateral view of fairness considering the benefits of both the users and network operators simultaneously. Fig. 3 and 4 show two sets (for α = 1 and α = 0.2) of utility functions for a resource allocation problem with 4 competing users with different channel qualities (SINR equal to -12.5 dB, -4.0 dB, 3.0 dB, and 9.5 dB, respectively). To plot these figures, we assumed that the normalize vectors s (min) = (0, 0, 0, 0) and 1, 1, 1) . Given the utility function, we define a compatible Utility Fairness Index (UFI), as
The proposed index has the following features which are listed in [13] as the desired features of a good fairness index: 1)Independent of population size n; 2)Bounded between 0 and 1; 3) Scale independent (i.e. it is independent of amount of whole shared resource); 4)Continuous.
IV. NUMERICAL RESULTS
In this section, several case studies are used to compare the behavior of the proposed fairness index with several existing fairness indexes given by (1)-(3) . In the first case study, we implement a resource allocation scheme to allocate some fixed amount of resource among 20 users and compare the sensitivity of different fairness indexes to the increasing variance of service distribution. Starting from even distribution we increase the variance and at each step we perform exhaustive simulations to get a good confidence bound on the results. Sensitivity of four different fairness indexes have been measured and compared by the proposed utility index as shown in Fig. 5 . We assumed α = 0.5, i.e., the index is adjusted to have intermediate sensitivity to service and effort fairness. It can be seen in Fig. 5 that all indexes demonstrate good sensitivity to the service unfairness; by increasing variance of the allocated service rates, the value of all fairness indexes deviate from the value for perfectly even distribution (for Jain, Min-max and the proposed fairness index the value is 1.0 for perfectly even distribution; however, Gini gives the value of 0.0 for the perfectly even allocation). In the second case study for the same system, the delivered service rates are kept even with the cost of increasing effort unfairness (i.e. due to the different channel qualities the network has to spend different efforts to maintain equal service for all users). Fig. 6 shows how those indexes reflect the increasing variance of the spent effort by the network operator. It can be seen that only the proposed index (utility index) is able to capture effort unfairness in the system. Furthermore, the proposed index provides a well defined parameter to adjust the level of sensitivity to service and effort fairness. For example, in the case that either the effort fairness or service fairness is more important, the analysis tool can be tuned to obtain preferred view of the system under evaluation. Another important aspect of fairness analysis tools is the capability to define a customized definition of fair treatment for each application type. This customization may be necessary due to certain traffic type or contract between the user and the service provider. In most cases the users do not care about the equality of resource distribution, but fair treatment within specific bounds is important. Most of the existing fairness indexes do not provide a good method for this purpose. There are two parameters (s (min) and s (max) ) in the proposed utility index that can be used to determine the bounds of fair treatment for each user. To elaborate this feature, we implement a simple Round Robin resource allocation scheme. We set s (min) for each user individually and run the simulation for the different number of users. When the number of users are very low it is expected that most of the the users will receive service within the useful bound s (min) and s (max) . However, as the number of users is increased, more users will suffer from service degradation as they get less than their specified s (min) . The results of this case study are shown in Fig. 7 . Since all other indexes are only sensitive to uneven resource allocation, they are not able to capture degradation of service quality in the system. However, the utility-based index can be configured to be sensitive to unfair degradation of service from the preset service bounds.
V. CONCLUSION
In this paper, measurement of fairness for resource allocation schemes in wireless access networks has been discussed. Based on the unique features of the application domain, an effective utility based framework for fairness analysis has been proposed. Accordingly, we have proposed a fairness index, which possesses all the desired features of a good fairness index. Furthermore, the proposed fairness index is able to address certain issues such as balancing between effort fairness and service fairness, and application dependency. Effectiveness of the proposed fairness index has been studied by means of some numerical examples and case studies. This work can be used in the design of fair resource allocation schemes in wireless access networks.
